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Introduction 
Cyclotron production of 99mTc through the 
100Mo(p,2n)99mTc reaction1 is being actively in-
vestigated as an alternative to reactor-based 
approaches. A challenge facing cyclotron pro-
duction of clinical-quality 99mTc is that proton 
bombardment of Mo targets results in produc-
tion of a number of additional Tc and non-Tc 
isotopes through various reaction channels.2,3 
While non-Tc products can be chemically re-
moved, other Tc radioisotopes cannot and will 
therefore degrade radionuclidic purity and con-
tribute to patient radiation dose.5 
The radionuclidic purity of cyclotron-produced 
99mTc depends on the nuclear cross section gov-
erning each reaction channel, the proton current 
and energy distribution, duration of bombard-
ment, target thickness and isotopic composition. 
Although conditions that minimize dose from 
radioactive Tc impurities have been identified,5 
cyclotron performance and thus irradiation con-
ditions may randomly fluctuate between and/or 
during production runs. Fluctuations of certain 
parameters, for example the total number of 
bombarding protons, are expected to have little 
influence on radionuclidic purity, whereas fluc-
tuations in beam energy, target thickness and 
isotopic composition may dramatically affect the 
relative amounts of 93gTc, 94gTc, 95gTc, and 96gTc 
impurities. It is critical to quantify relationships 
between potential fluctuations and the repro-
ducibility and consistency of the radionuclidic 
purity of cyclotron-produced 99mTc to guide 
development and optimization of target prepa-
ration, irradiation, and processing techniques. 
The purpose of this work is to present a mathe-
matical formalism for quantifying the relation-
ship between random fluctuations in Mo target 
thickness and variability of proton-induced nu-
clear reaction rates for enriched Mo targets. In 
this study, we use 96gTc as an example of impuri-
ty which can potentially contribute to increased 
patient dose for patients injected with cyclo-
tron-produced 99mTc.4 Herein, we apply the de-
veloped formalism to both the 96Mo(p,n)96gTc 
and the 100Mo(p,2n)99mTc reaction channels, 
however, the same approach can be applied to 
any reaction channel of interest. 
Material and Methods 
We treat reaction parameters, including target 
thickness and number of bombarding protons, 
as random variables (RVs), denoted 𝑥�, and de-
scribe them in terms of their expected values, 
standard deviations, and probability density 
functions (PDFs), denoted ?̅?, Var(𝑥�), and 𝑝𝑥(𝑥), 
respectively. 
We let 𝑁�𝑋𝑌 and 𝑅�𝑋𝑌(𝑡, 𝐫) represent the total 
number of proton-induced nuclear reactions and 
reaction rate density [s-1cm-2] for the X(p,y)Y 
reaction where 𝐫 is a two-dimensional (2D) vec-
tor representing position in the target plane and 
𝑡 represents time (𝑡 = 0 indicates the beginning 
of irradiation). 𝑅�𝑋𝑌(𝑡, 𝐫) represents the number 
of nuclear reactions per unit time per unit area 
integrated over the target thickness and is relat-
ed to 𝑁�𝑋𝑌 through the following expression: 
𝑁�𝑋
𝑌 = � �𝑅�𝑋𝑌(𝑡, 𝐫)d2𝐫
𝑎
d𝑡ΔEOB
0
  (1) 
where ∫ d𝑡ΔEOB0  denotes a time integral from 
𝑡 = 0 to ΔEOB [s] which represents the duration 
of bombardment and ∫ d2𝐫𝑎  represents a 2D 
integral over target area 𝑎. Since 𝑅�𝑋𝑌(𝑡, 𝐫) de-
scribes the stochastic rate of nuclear reactions, 
it can be represented as a stochastic point pro-
cess5 and mathematically expressed as a series 
of Dirac delta functions: 
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𝑅�𝑋
𝑌(𝑡, 𝐫) = �𝛼�𝑖𝛿(𝑡 − ?̃?𝑖)𝛿(𝐫 − 𝐫�𝑖)𝑁�𝑝
𝑖=1
 (2) 
where ?̃?𝑖  and 𝐫�𝑖  represent the time and position 
of the 𝑖th X(p,y)Y reaction, 𝑁�𝑝 represents the 
total number of bombarding protons, and 𝛼�𝑖  is a 
RV that takes on values of either 1 or 0 with 
probabilities 𝑃�(𝐫) and 1 − 𝑃�(𝐫), respectively. 
The quantity 𝑃�(𝐫) describes the probability that 
a proton undergoes a nuclear reaction during 
𝑡 + 𝑑𝑡 inlocation 𝐫 + d𝐫. Assuming the number 
of protons completely stopped by the beam is 
negligible, and ignoring lateral scatter of pro-
tons, 𝑃�(𝐫) is given by 
𝑃�(𝐫) = 𝑛𝑋 � 𝜎�𝑋𝑌�𝐸�(𝑧)�d𝑧𝐿�(𝐫)
0
 (3) 
where 𝐿�(𝐫) [g cm-2] represents the target thick-
ness at position 𝐫, 𝑛𝑋 [g
−1] represents the num-
ber of target nuclei of type 𝑋 per unit mass, and 
𝜎𝑋
𝑌(𝐸�(𝑧)) [cm2] represents the cross section for 
the X(p,y)Y reaction for proton energy 𝐸, which 
is a RV due to energy straggling,7 at depth 𝑧. In 
the following sections we describe how to use 
Eqs. (2) and (3) to derive expressions for the 
expected value and standard deviation of 𝑁�𝑋𝑌. 
Expected number of nuclear reactions. 
The expected number of nuclear reactions can 
be obtained by first averaging Eq. (2) over all 
possible values of ?̃?𝑖, 𝐫�𝑖, 𝑁�𝑝, 𝛼�𝑖, and 𝐿�(𝐫) and 
then integrating over 𝑡 and 𝐫.5 Assuming small 
fluctuations of 𝐿�(𝐫) about 𝐿�(𝐫), and that the 
average proton current is uniform in time and 
over the target area gives 
𝑅�𝑋
𝑌(𝑡, 𝐫)
≈ (6.24 × 1012)𝑛𝑋𝐼0
𝑎
� 𝜎�𝑋
𝑌(𝑧)d𝑧𝐿�(𝐫)
0
  (4) 
where 𝐼0 [µA] represents the proton current 
incident on the target surface, 6.24 × 1012 
[s−1µA−1] is the number of protons per unit time 
per unit current, and 𝜎�𝑋𝑌(𝑧) represents the cross 
section averaged over all possible energies of 
protons at depth 𝑧. The total number of nuclear 
reactions is then given by 
𝑁�𝑋
𝑌 = (6.24 × 1012)𝑛𝑋𝐼0𝑡EOB𝛾1  (5) 
where 
𝛾1 = 1𝑎� �  𝜎�𝑋𝑌(𝑧)d𝑧𝐿�(𝐫)0 d2𝐫𝑎  . (6) 
Equation (5) represents the average number of 
nuclear reactions and is similar to commonly-
reported expressions with the generalization to 
spatially-varying target thickness. 
Variance of the number of nuclear reactions 
Using previously-described assumptions, the 
variance of  𝑁�𝑋𝑌 is expressed as Var�𝑁�𝑋𝑌� = 𝑁�𝑋𝑌 + (𝑁�𝑋𝑌)2[𝜎�𝑋𝑌(𝐿�)]2Var�𝐿�� 𝛾2𝛾12 (7) 
where 
𝛾2 = 1𝑎2Var�𝐿��� �𝐾𝐿(𝐫, 𝐫′)d2𝐫𝑎 d2𝐫𝑎  (8) 
where 𝐾𝐿(𝐫, 𝐫′) represents the auto-covariance 
function5 of the target thickness which quanti-
fies the covariance between target thicknesses 
at 𝐫 and 𝐫′ and is equal to Var�𝐿�� for 𝐫 = 𝐫′. 
The first term in Eq. (7) is a result of the stochas-
tic nature of nuclear reaction processes and the 
second term is a new result of our derivation 
demonstrating that thickness fluctuations may 
degrade production reproducibility when the 
reaction cross section for protons exiting the 
target is high. In the following section we de-
scribe a mathematical model for thickness fluc-
tuations investigated in this study. 
Statistical target model. In this first effort to 
quantify the relationship between target thick-
ness fluctuations and 99mTc yield reproducibility, 
we model random thickness fluctuations using a 
“lumpy-target” model which assumes that en-
riched Mo targets are a superposition of Gaussi-
an “lumps:” 
𝐿�(𝐫) = 𝐿� + �𝛽�𝑖ℎ𝐿 exp �− |𝐫 − 𝐫�𝑖|2𝜈𝐿2 �𝐾�𝑖=1  (9) 
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where  𝐾� represents the total number of 
“lumps”, 𝜈𝐿  [cm], 𝐫�𝑖  and 𝛽�𝑖  represent the exp−1 
width, location, and sign of each “lump,” and ℎ𝐿 
[g cm−2] represents the height of each “lump.” 
Small 𝜈𝐿  values correspond to high-frequency 
fluctuations and large 𝜈𝐿  values correspond to 
low-frequency fluctuations, as illustrated in FIG. 
1. The variance and auto-covariance of  𝐿�(𝐫) are 
then given by7 Var�𝐿�� = 𝐾�2𝑎 ℎ𝐿2𝜋𝜈𝐿2 (10) 
and 
𝐾𝐿(𝐫, 𝐫′) = Var�𝐿�� exp �− |𝐫 − 𝐫′|22𝜈𝐿2 � (11) 
respectively. 
Application to 100Mo(p,2n)99mTc and 
96Mo(p,n)96gTc reactions 
We apply the above formalism to 
100Mo(p,2n)99mTc and 96Mo(p,n)96gTc reactions. 
For all calculations we use theoretical cross 
sections (FIG. 2) calculated using the EMPIRE-38 
simulation package. Reaction variability is quan-
tified in terms of the coefficient of variation 
(COV) of  𝑁�𝑋𝑌: 
COV�𝑁�𝑋𝑌� = �Var�𝑁�𝑋𝑌�(𝑁�𝑋𝑌)2  (12) 
where  𝑁�𝑋𝑌 and Var�𝑁�𝑋𝑌� are given by Eqs. (5) 
and (7), respectively.  
Monte Carlo simulation. Monte Carlo simula-
tions were performed to compare with theoreti-
cal predictions. Targets were simulated with 
areas of 4 cm2 discretized into 100×100 ele-
ments. Thickness profiles were generated ac-
cording to Eq. (9). Element size in the z direction 
(Δ𝑧) was set to  𝐿�/50. The following steps were 
performed for each 2D target element: 
1. Determine the number of bombarding pro-
tons by sampling a Poisson distribution with 
mean value determined by proton current 
and duration of bombardment. 
2. For each proton, determine if a nuclear reac-
tion occurs in the first layer by sampling the 
Bernoulli distribution with probability of suc-
cess given by 𝜎𝑌𝑌�𝐸��𝑛𝑋Δ𝑧. 
3. Determine energy loss in the first layer by 
sampling a Gaussian distribution with mean 
value determined from the stopping power, 
and standard deviation given by the Bohr 
straggling theory. (See reference 7.) 
4. Iterate steps 2 and 3 for each target layer 
and increment a counter for each nuclear re-
action. 
FIGURE 1. Examples of target thickness profiles simulated using the statistical model described 
by Eq. (9). The quanties 𝝂𝑳 and 𝝈𝑳 = �𝐕𝐕𝐫(𝑳) represent the width of each Gaussian “lump” 
and standard deviation of target thickness. 
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These calculations were performed for 1000 
randomly-generated targets and 105 bombard-
ing protons per target for each set of target and 
irradiation conditions considered. 
Results and Conclusion 
FIGURES 3 and 4 illustrate the dependence of the 
COV of the number of 100Mo(p,2n)99mTc and 
96Mo(p,n)96gTc reactions, respectively, on the 
height, width, and number of target “lumps” for 
20-MeV bombarding protons, 300-µA proton 
current, 3-h irraditiation time, and selected 
exiting proton energies. 
Low- versus high-frequency fluctuations. Each 
column of Fig. 3 and 4 corresponds to a target 
with a particular “lump” width 𝜈𝐿  expressed as a 
fraction of target width 𝑎𝑥. In general, low-
frequency fluctuations (ie. 𝜈𝐿 = 𝑎𝑥/2) result in 
higher COV values than high-frequency fluctua-
tions (ie. 𝜈𝐿 = 𝑎𝑥/8) of the same height. This is 
because low-frequency fluctuations result in a 
larger fraction of the target with thickness 
greater than or less than the average target 
thickness. Furthermore, this fraction may 
change substantially from one target to the next. 
Dependence of the COV on exiting proton ener-
gy. Rows of FIG. 3 and 4 correspond to particular 
exiting proton energies. In the case of the low-
frequency fluctuations, the COV of the number 
of 100Mo(p,2n)99mTc reactions increases by ~25% 
when the average exiting proton energy in-
creases from 10 MeV to 14 MeV. This is because 
the cross section for the 100Mo(p,2n)99mTc reac-
tion is greater for 14-MeV protons than for 10-
MeV protons, resulting in larger fluctuations in 
the number of reactions for a given thickness 
fluctuation. The same trend is true for high-
frequency fluctuations although to a lesser ex-
tent. For the same reasons, COV for the 
96Mo(p,n)96gTc reaction is greatest when the 
exiting proton energy is equal to 12 MeV. 
Comparison with Monte Carlo. FIGURE 5 illus-
trates excellent agreement between Monte 
Carlo calculations and the predictions of Eqs. (5) 
to (8). This indicates that, given knowledge of 
how the target thickness fluctuates, the devel-
oped formalism can be used to accurately pre-
dict the resulting reaction-rate variability. The 
vertical offset in FIG. 5 is the result of the first 
term in Eq. (7) being non-negligible due to the 
low number of bombarding protons (105) used 
for the Monte Carlo calculations. 
Summary. We have developed a technique for 
quantifying relationships between random spa-
tial fluctuations in the thickness of enriched Mo 
targets and the variance of the number of pro-
duced nuclei. Results of our analysis indicate 
that large fluctuations in target thickness will 
result in variability in the relative amounts of 
99mTc and impurities. In particular, for 20-MeV 
protons, requiring < 20 % variability necessitate 
that low-frequency thickness fluctuations do not 
exceed 50% of the average target thickness.  
The methodology described herein can be ap-
plied to experimentally-determined target 
thickness profiles and extended to include decay 
of reaction products and contributions from 
many reaction channels with the goal of estimat-
ing the reproducibility of the radionuclidic purity 
of cyclotron-produced 99mTc. This type of analy-
sis will aid in defining target manufacturing qual-
ity-control criteria (in addition to other cyclotron 
parameters) to limit potential patient radiation 
dose from Tc impurities. 
FIGURE 2. Theoretical cross sections for 
100Mo(p,2n)99mTc and 96Mo(p,n)96gTc reactions. 
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FIGURE 3. Dependence of the coefficient of variation of the number of 
100Mo(p,2n)99mTc reactions on target thickness variability for 20-MeV bombarding 
protons. The quantities 𝝂𝑳, 𝒉𝑳, and 𝑲 are measures of target non-uniformity and 
represent the width, height, and number of lumps per unit area. 
FIGURE 4. Dependence of the coefficient of variation of the number of 96Mo(p,n)96gTc 
reactions on target thickness variability. Reaction parameters are the same as those   
indicated in FIG. 3. 
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FIGURE 5. Comparison of Monte Carlo and theoretical calculations of the COV of the number of 
100Mo(p,2n)99mTc reactions for 105 18-MeV bombarding protons and average exiting proton 
energy 10 MeV. 
